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0. Introduction 

Let X be a variety of logarithmic general type, defined over a number field K . Let 5 be a finite set of 
places in K and let Ok,s be the ring of ^-integers. Suppose that X is a model of X over Spec Ok,s- As a 



natural generalizasion of theorems of Siegel and Faltings, It was conjectured by S. Lang and P. Vojta (| Vbjta j , 
conjecture 4.4) that the set of iS-integral points X(Ok,s) is n °t Zariski dense in X . In case X is projective, 
one may chose an arbitrary projective model X and then X(Ok ,s) 1S identified with X(K). In such a case, one 
often refers to this conjecture of Lang and Vojta as just Lang's conjecture. 



L. Caporaso, J. Harris and B. Mazur [CHM] apply Lang's conjecture in the following way: Let X — > B be a 
smooth family of curves of genus g > 1. Let Xg — > B be the n-th fibered power of X over b. in nm it is 



shown that for high enough n, the variety Xg dominates a variety of general type. Assuming Lang's conjecture, 
they deduce the following remarkable result: the number of rational points on a curve of genus g over a fixed 
number field is uniformly bounded. 

In this note we study an analogous implication for elliptic curves. Let E/K be an elliptic curve over a number 
field, and let P G E(K). We say that P is stably S-integral, denoted P S E(K,S), if P is S'-integral after 
semistable reduction (see §[|). Our main theorem states (see §||): 

Theorem 1. (Main theorem in terms of points) Assume that the Lang - Vojta conjecture holds. Then for any 
number field K and a finite set of places S, there is an integer N such that for any elliptic curve E/K we have 
#E(K,S)<N. 

Since the moduli space of elliptic curves is only one-dimensional, the computations and the proofs are a bit 
simpler tha n the higher genus cases. One can view the results in this paper as a simple application of the 



methods of [ CHM ] 



0.1. Overview. In section [l] we prove a basic lemma analogous to lemma 1.1 [CHM] on uniformity of correlated 



points. In section ^| we study a particular pencil of elliptic curves which is the main building block for proving 
theorem 1. In section || we look at quadratic twists of an elliptic curve, motivating the study in section ^ of 
stably integral points. Section || gives a proof of the main theorem. 

In section ^ we will refine our methods and show that the Lang - Vojta conjecture implies the uniform 
boundedness conjecture for torsion on elliptic curves, thus giving a conditional (and therefore obsolete) proof 
of the following theorem of Merel: 



Theorem 2. (Merel, [Merely For and integer d there is an integer N(d) such that given a number field K with 



[K : Q] = d, and given an elliptic curve E/K, then ^E{K) t0 rs < N(d). 

It should be noted that the methods introduced in section ^ were essential for the developments in pj ] 
It would be interesting if one could apply the method to the study points on abelian varieties in general. 
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0.3. The Lang - Vojta conjecture. A common practice in arithmetic geometry is that of generalizing ratio- 
nal points on projective varieties to integral points on quasi-projective varieties. We can summarize this in the 
following table, which will be explained below: 



Number field K 


Ring of 5-integers Ok,s 


Proipctivp VFiTipf.v nvpr 


Quasi projective variety X and a model X over 
Ok.s 


Rational point P e X(K) 


Integral point P G X(O k ,s) 


X of general type 

e.g.: C a curve of genus > 1 


X of log-general type 

e.g.: E an elliptic curve with the origin removed 


Faltings' theorem: C(K) finite 


Sicgcl's theorem: E{Ok,s) finite 


Lang's conjecture: If X is of general type then 
X(K) not Zariski dense 


Lang- Vojta conjecture: If X is of logarithmic gen- 
eral type then X(Ok,s) not Zariski dense 


yCHM|J : Lang's conjecture implies uniformity of 
#C(K) 


?? 



We remind the reader of the definition of a variety of log general type: 

Definition 1. Let X be a quasi-projective variety over C. Let f :Y — » X be a resolution of singularities, that 
is, a proper, birational morphism where Y is a smooth variety. Let Y C Y\ be a projective compactification, 
such that Y\ is smooth and such that D = Y%\Y is a divisor of normal crossings. Then X is said to be of 
logarithmic general type if for some positive integer m, the rational map defined by the complete linear system 
\m(Ky 1 is birational to the image. 

Let X be a quasi-projective variety of logarithmic general type, defined over a field K which is finitely 
generated over Q (e.g., a number field). Let R be a ring, finitely generated over Z, whose fraction field is K 
(e.g., the ring of S- integers in a numb er field). Choose a model X of X over R. The following is a well-known 



conjecture of Lang and Vojta ( |]Vojta| , conjecture 4.4). 

Conjecture. The set of integral points X(R) is not Zariski dense in X. 

In case X in the conjecture above is projective, then logarithmic general type means just general type; and 
integral points are just rational points. 

0.4. What should the last entry in the table read? We would like to fill in the question mark in the last 
entry in the table. One is tempted to ask: 

Does the Lang - Vojta conjecture imply the uniformity of 4t~E(Ok,s)? 
but one sees immediately that this cannot be true without some restrictions. Most importantly, one has to 
restrict the choice of the model E, as can be seen in the following example: 

Let E be an elliptic curve over a number field K such that E(K) is infinite. Fix P%, ... ,P n S E(K). Choose 
an equation 

y 2 = x 3 + Ax + B 

for E, where A,B £ Ok,s for some finite S. Choose c € Ok,s such that for each Pi one has c 2 x(Pi),c 3 y(Pi) G 
Ok,s- By changing coordinates x\ = c 2 x,yi — c 3 y, one obtains a new model E\ given by the equation 
y\ = x\ + c 4 Axi + c 6 B, on which all the points Pi are integral. 

The problem with this new model arises because when one changes coordinates, one blows up the closed 
point corresponding to the origin at primes dividing c, so the resulting model has "extraneous" components 
over these primes. We are led to modify the statement: 

Theorem 3. (Main theorem in terms of models, see §Qj Assume that the Lang-Vojta conjecture holds. Then 
for any number field K and a finite set of places S there is an integer N such that for any stably minimal elliptic 
curve £ over Ok,s w & have #£(Ok.s) < N. 

It turns out that stably minimal models are very minimal indeed. In particular we will see that Neron 
models, the canonical models of elliptic curves over rings of integers, are not necessarily sufficiently minimal 
for the purpose of our methods. On the other hand we will see that semistable models are stably minimal. A 
precise definition of a stablly minimal model, and how to obtain a canonical one from the Neron model, will be 
given in §0. 
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In the case of semistable elliptic curves, it is worthwhile to state an immediate corollary of the theorem: 

Corollary 1. The Lang-Vojta conjecture implies that the number of integral points on semistable elliptic curves 
over O is bounded. 



Remark. Another conjecture of Lang (see [ Lang AMS| ) predicts that the number of all S'-integral points on 



so called quasi-minimal elliptic curves should be bounded in terms of the rank and the number of elements in 
S. In view of the corollary, one is tempted to ask whether the rank of an elliptic curve can be bounded in terms 
of the places of additive reduction of the elliptic curve. 

1. BOUNDEDNESS OF CORRELATED POINTS 



One of the main ideas in [CHM] is, that in order to bound the number of points on curves it is enough to 
show that they are correlated, that is, there is an algebraic relation between all n-tuples of these points. This 
is the content of the lemma below. First, some notation. 

Let 7r : X — > B be a family of smooth irreducile curves over a field K. We denote by ir n : Xg — > B the 
n-th fibered power of X over B. Given a point b G B we denote by Xb the fiber of X over 6; Similarly, given 
Q = (Pi,... ,P n ) 6 XI we denote by X Q C the fiber of A™ +1 over Q. Note that if tt„(Q) = b then 

Xq ~ Xb- Denote by p n : X n — > X n —i the projection onto the first n — 1 factors. 

Assume that we are given a subset V C X(K) (typical examples would be rational points, or integral points 
on some model of X). Again, we denote by V% C Xg the fibered power of V over B (namely the union of the 
n-tuples of points in V consisting of points in the same fiber), and by Vb the points of P lying over b. 

Definition 2. Assume that for some n there is a proper closed subset F n C Xg such that Pg C F„ .. In such a 
case we say that the subset V is n-correlated. 

For instance, a subset V is 1-correlated if and only if it is not Zariski dense; in which case it is easy to see 
that, over some open set in B, the number of points of P in each fiber is bounded. This is generalized by the 
following lemma: 

Lemma 1. (compare ICHM ], lemma 1.1) Let X — > B be a family of smooth irreducible curves, and let P C 



X(K) be an n-correlated subset. Then there is a dense open set U C B and an integer N such that for every 
beU, we have #P b < N. 

Proof: Let F n = P^ be the Zariski closure, and U n = Xg\F n the complement. We now define be descending 
induction: f7,_i = Pi(Ui) and = X 1 ^ 1 \ Ui-i the complement. Notice that over t/,_i, the map pi restricts 
to a finite map on Ff. by definition if a; € Ui—i then p~ 1 (x) <f_ Fi, and (x) is an irreducible curve. Therefore 
the number of points in the fibers of this map is bounded: if a; € Ui-i then we can write j^(p^ (x) flF) < d,;. 

Let U = Uo C B. We claim that over U, the number of points of P in each fiber is bounded. Consider a 
point b 6 U. 

Case 1: PbC.Fi. In this case, the number of points on Vb is bounded by di. 

Case 2: there is some P G Pb, P $ Fi, but Xp H ? 6 2 C i*2- In this case the number of points is bounded by 

d 2 . 

Case i: Q = (Pi, . . . , P%-i) G P^ 1 \ Fi-i but Xq HPl C F^. Here the number of points is bounded by di. 
Notice that in the case i — n we have by definition Xq n Pg G F n , and the process stops. Therefore 
N = max di is a bound for the number of P points in each fiber over U. 



Example (|CHM]): Let X — > B be a family of smooth, irreducible curves of genus > 1 over a number field 



K. Assume that Lang's conjecture holds true. Then in [CHM| it is shown that X(K) is n-correlated, and the 
lemma above, with noetherian induction, is used to obtain the existence of a uniform bound on the number of 
rational points on such curves. 

Example: Assume that Xk — ► Pk is a semistable family of curves of genus 1, together with a section 
s : Bk — * Xk, and assume that over an open set Bq C Bk the restricted family Xo — > Bq is smooth. Assume 
that the Lang - Vojta conjecture holds true. Given a semistable model X of Xk \ s(Bk) over Ok,s, we will 
later show that X(Ok,s) H Xo is n-correlated for some integer n. We will deduce the existence of a uniform 
bound on the number of integral points on curves in this family. 

Example: Let S be a finite set of places in K. Assuming that the Lang - Vojta conjecture holds true, 
we will show that the set of stably S'-integral points on any family of elliptic curves over a number field K is 
n-correlated for some n. We will deduce the existence of a uniform bound on the number of stably S'-integral 
points on an elliptic curve. 
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2. Moduli of elliptic curves with level 3 structure 
We introduce here a building block in the proof of the main theorem. 

2.1. The geometry. Let E\ be the universal family of elliptic curves over C with full symplectic level 3 
structure. The surface Ei can be identified with the total space of the elliptic pencil written in bi-homogeneous 
coordinates as: 

(*) X(X 3 + Y 3 + Z 3 ) ~ Z^iXYZ = 0, 

mapping to the moduli space P 1 via [A : /i] . This equation gives a smooth model, which by abuse of notation 
we will also call E%, of this space over Spec Z[l/3]. We may choose the section O over the point [X : Y : Z] = 
[1 : — 1 : 0] as the origin of the elliptic surface. Over Spec Z[l/3], the fibers of the elliptic pencil possess level 3 



structure of type fi^ x Z/3Z, in a way which is described precisely by Rubin and Silverberg in [Ru-Si]; however 
in this section we will work over C. 

The pencil E-y — > P 1 is semistable, possessing four singular fibers, having 3 nodes each, over So = {0, 1, C3 ; Cl } C 
P 1 where (3 is a primitive third root of 1. 

Let L be the pullback of a line from the plane, and let Si, . . . , S9 be the exceptional curves over the nine 
base points of the pencil fixing Si = 9 to be the origin of the elliptic surface. Let F be a fiber of the elliptic 
surface. We have the linear equivalence — F ~ — 3L + Si H h Sg. 

As a pencil of cubics with smooth total space, one easily calculates the relative dualizing sheaf, as follows: 
We know that iv r 2 = P 2 (—3). The canonical sheaf of the blown up surface is therefore 0{— 3L + Si + • • • + Sg). 
Therefore we have u>E\ — O(-F), and (Je-l/v 1 — O(F). 

Let Tr n : E n — > P 1 be the n-th fibered power of E\ over P 1 . Denote by 7r n! i : E n — > E\ the projection onto the 
i-th factor. We have that u>E n /v 1 — ^(nF), and therefore uje„ — 0((n—2)F). We denote by 0„ = Yj7=i n ni®> 
the theta divisor. We denote by £„ = 7r~ 1 Eo C E n the locus of singular fibers, the inverse image of £0 C P 1 . 

It should be noted that E n is singular, but not too singular: 

Lemma 2. There is a desingularization /„ : E n — > E n such that u E ~ f*ujE n {D), for some effective divisor 
D such that f n (D) C E n , and such that /*©„ is a reduced divisor of normal crossings. 



Proof: The existence of a desingularization with lu e ~ f*LOE n (D) follows from | CHM | , lemma 3.3, or lemma 



3.6 of [Viehweg|. The desingularization is given by a succession of blowups along smooth centers. Since the 
singular locus of E n meets 0„ transversally, the centers of the blowups can be taken to be transversal to n , 
and therefore its inverse image is a divisor of normal crossings. 

This lemma shows that E n \ 0„ has log canonical singularities. This means that sections of powers of to E n (0« ) 
give regular sections of the logarithmic pluricanonical sheaves of E n ; therefore, in order to prove that E n is 
of logarithmic general type, there is no need to pass to a resolution of singularities - it suffices to show that 
lo e (k<d n ) has many sections. 

Lemma 3. 1. The line bundle W£ 1 /pi(0i) is the pullback of an ample bundle along a birational morphism. 
2. Fix n > 2. Then E n \ n is of logarithmic general type. Moreover, the base locus of the logarithmic 
pluricanonical linear series is contained in 0„. 

Proof: Let Y be the blowup of P 2 at all the base points of our pencil except [1,-1,0]. The surface Y is the 
same as E\ blown down along 0. The line bundle w^/pi (0i) is the pullback of M = 0{i)®0{— {S2 + - • - + Sg)) 
from Y. On Y, M is represented by the strict transform of one of the cubics of the pencil, hence it is a nef line 
bundle; it has self intersection number 1, therefore it is nef and big. In fact, it is easy to see by a dimension 
count that the complete linear system of sections of M® 3 gives a birational morphism of Y to a surface in 
projective space, which blows down only the fibral components of E\ which do not meet Si. 

Part (2) follows by taking the products of sections pulled back along the projections: On E3, let Pij,Pk be the 
projections to the i-th and j-th factors, respectively fc-th factor. We have the inclusion p\ 2 ^>E 2 ^P^Ei/v 1 (Oi) C 
we 3 (03). The sections of a power of this subsheaf give a map which generically separates between points whose 
third factors are different. Part 1 of this lemma implies that the base locus of these sections is contained in 
the theta divisors. By repeating this for the other two projections, we find that sections of powers of W£ 3 (03) 
generically separate points; in particular E3 \ O3 is of logarithmic general type. Similarly, E n is of logarithmic 
general type for n > 3. 



2.2. Boundedness of integral points on elliptic curves with level 3 structure. Let K be a number field 
containing (QKC3), and let E be an elliptic curve with full symplectic level 3 structure over K. Let R = Ok [1/3]. 
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The curve E occurs as a fiber in the surface over a point in P 1 (i^), which automatically has semistable reduction 
over R. Let £ be the semistable model. Given any three -R-integral points Pi on £ \ 0, the point (P lt P 2 , P3) 
gives rise to an i?-integral point of the scheme E3 \ 63 (where by abuse of notation, we use the model of E3 
over R which is the fibered cube of the given model (*) of Ei). 

Assume that the Lang - Vojta conjecture holds for the variety E 3 \ 63. Thus the Zariski closure F of the 
set of integral points (E 3 \ Q 3 )(R) is a proper subvariety of E 3 ; in other words, the set V = (E \ Q){R) is 
3-correlated. By lemma 1, there is a dense open set U E P 1 such that the number of integral points of fibers 
over U (K) is bounded. The complement of U is a finite number of points, therefore by Siegel's theorem there 
is a bound on the number of integral points on these curves as well. 

Open problem: Show that the S-integral points on E3 \ 03 are not Zariski dense. 

3. Quadratic twists of an elliptic curve 

As a "complementary case" to the last section we will discuss here a typical case of isotrivial families of 
elliptic curves. This is in direct analogy with the exposition in ]CHM| , §§2.2. It will give us a good hint about 
the type of models of elliptic curves we need in order to obtain boundedness. A slightly more general version 
of the example here will be used in the proof of the main theorem. 

Let E : y 2 = x 3 + Ax + B be a fixed elliptic curve. We denote f(x) = x 3 + Ax + B. We assume that A and 
B are relatively prime S-integers in a number field L, where S is a finite set of places. All the quadratic twists 
of the curve over L can be written in the form: 

E t : ty 2 = f(x) 

where t may be chosen S'-integral. 

We may form the family of Kummer surfaces associated to E t : 

K t : t 2 z 2 = f(x 1 )f(x 2 ). 

We have a morphism of K t to K\ via (xi, x 2l z, t) 1— > (xi, x 2 ,tz). It can be easily verified that the affine surface 
K\ is of logarithmic general type. 

Assume that the Lang - Vojta conjecture holds for K\. It now follows from lemma 1, that there is a uniform 
bound on the number of integral points on E t : the integral points on K\ are not Zariski dense, therefore the 
integral points on K t are not Zariski dense, since they map to integral points on K\. Lemma 1 says that there 
is an open set U C Ai such that there is a bound on the number of points on E t for an S-integer t in U ; for the 
remaining finitely many integers t we can use Siegel's theorem. The same result can be obtained using any of 
the higher Kummer varieties (E x • ■ ■ x E)/(±l). 

Note that the integral points on E t are not the same as the integral points on the Neron model. Suppose 
that t is square free. Then a Neron integral point P is integral on E t , away from characteristic 2 and 3, if at 
a prime of additive reduction P does not reduce to the component of the origin on the Neron model. In other 
words, even after semistable reduction (obtained by taking y' — Vty), P remains integral on the Neron model. 
We call such points stably integral. 

Open problem: Show that the S'-integral points on K\ are not Zariski dense. As a first step, describe the 
images of nontrivial morphisms Ai \ — > K\. 

4. Stably integral points 

Definition 3. Let E be an elliptic curve over a number field K , let S be a finite set of places in K , and P be 
a K -rational point on E. We say that P is stably S-integral, written P £ E(K, S) if the following holds: let L 
be a finite extension of K , and let T be the set of places above S , and assume that E has semistable reduction 
£ over Ol,t; then P € (£ \ 0)(Ol,t)- In other words, P is integral on the semistable model of E \ over some 
finite field extension L of K, where T is the set of all places over S. 

Stably integral points should be thought of as the rational points which are integral over the algebraic closure 
of the field. In this sense, they are a good analogue on elliptic curves, for rational points on curves of higher 
genus. 

It is important to note that stably integral points can be described as the integral points on a certain type 
of model of the curve. 

Definition 4. Let E be an elliptic curve over a number field K , let S be a set of places containing all places 
dividing 2 and 3, and let £ be the Neron model over Ok.s- Let Do be the zero section of £. Let S a be the set 
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of places of additive reduction, and for a place v let £® be the zero component. Let D = D Q U (Jt>es an d ^ 
£q = £ \ D. We call £q the Stably minimal model of E. 

Proposition 1. Let S be a set of places containing all places dividing 2 and 3. Then the S -integral points on 
the stably minimal model are precisely the stably S-integral points. 

Proof: One can prove this proposition using the explicit list of possible reduction of the Neron model and 
their semistable reduction (Tate's algorithm). If one goes through this list, one sees that the kernel of the 
semistable reduction map away from characteristic 2 and 3 is precisely the additive components of the identity 



on the Neron model. A much more appealing proof follows directly from [Edix], section 5 (especially remark 
5.4.1): assume given a field extension L D K which is tamely and totally ramified at a given prime p (this can 
be assumed for a local field of semistable reduction of an elliptic curves once one avoids the primes dividing 2 



and 3). Let £k,£l be the Neron models of E over K and L respectively. In [Edix] one obtains a description 
of the map induced on Neron models £r x Spec Ol — * £l, an d one there sees that the group of components of 
the reduction (£k) p maps isomorphically to the group of components of the fixed locus under the Galois action 
of (£l)p- Therefore the kernel of the map of Neron models is connected. 

Remark: in order to include primes over 2 and 3 one simply needs to remove all the additive components 
which are in the kernel of the semistable reduction map. Since we are allowed to remove a finite number of 
places anyway, we can ignore this problem altogether. 

5. The main theorem 

Proof of the main theorem: We may assume that S contains all places above 2 and 3, and that K 
contains £3. Let X — > U be the family of all elliptic curves given by the equation 

y 2 = x 3 + ax + b, 

over an open set U in A^, with parameters a, b. Let Bo be any irreducible closed subset in U and B a 
compactification of Bq. We can add level 3 structure to produce a semistable family X\ — > B\, over a Galois, 
generically finite cover B\ of B. The Galois group of the cover is some G\ C 5Z2QF3) = G. We have a natural 
map X\ — > E\, coming from the moduli interpretation of E±, which is G\ equivariant. We have that Xg maps 
to ((Xl)^ )/Gi, which maps down to E n /G. Since the family E\ is semistable, an n-tuple of stably integral 
points on an elliptic curve gives rise to an integral point on (E n \ Q n )/G. 

Note that if Xb — * Bq is not isotrivial, then Xg dominates E n /G. Otherwise, its image is isomorphic to 
(E \ 0) n /Aut E for some fixed elliptic curve E, where AutE acts diagonally. 

The following lemmas show that (E n \ O n )/G is of logarithmic general type for large n, and that for any 
fixed elliptic curve E, (E \ 0) n /Aut E is of logarithmic general type. Assuming the Lang-Vojta conjecture, the 
integral points on the variety ((Xi) g \ ©)/Gi are not Zariski dense. By lemma 1, we obtain a uniform bound 
on the number of stably integral points on all elliptic curves away from a closed subset B 1 of B. By Noetherian 
induction, we have a bound on all elliptic curves. This gives the theorem. 



Lemma 4. (Compare |CHM], lemma 4-1) Let Xq a X be an open inclusion of an irreducible variety Xq in a 
smooth complex projective irreducible X of dimension n, such that the complement D = X \ Xq is a divisor of 
normal crossings. Let G be a finite group acting on X, Xq, D compatibly. Let lj be a G- equivariant logarithmic 
k— canonical form on Xq. Lf at any point x of Xq which is fixed by some element in G, the form u> vanishes to 
order at least C = k(\G\ — l), then u> descends to a regular logarithmic k-canonical form on any desingularization 
ofX Q /G 

Proof: let Yq be a desingularization of Xq/G and let Y be a regular compactification, mapping to X/G. 
Let Z' be the graph of the rational map X — > Y. Let Z be a G-equivariant desingularization of Z' , and Zq the 
inverse image of Xq. Let S be the branch locus of Z over Y. By a theorem of Hironaka, such desingularizations 
may be chosen such that (Z \ Zq) U S is a divisor of normal crossings. Let F\ be the closed set in Y where the 
fibers in Z are positive dimensional. Let Dz be the inverse image of D in Z, Dy its image in Y. Let F2 C Y 
be the singular locus of Dy U S. Clearly F = Fi U F2 is of codimension at least 2 in Y. Note that away from 
F\ the branch locus S is of codimension 1, since Y is smooth. 

Clearly uj descends to a logarithmic form on Y \ S. It is enough to show that it extends over Y\F, since F 
has codimension at least 2. 

Given a point y £ S\ F let z S Z be a point mapping to it. We can choose formal coordinates (zi, 22, . . . ,z n ) 
on Z such that {y\,zi,... ,z n ) are coordinates on Y, with y\ = z™. Since we removed the intersections of 
components of D U S, there are only two cases to consider: 
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Case 1: z £ Dz- We can write oj = f(z\ . . . ,z m )zp(dz 1 A • • • A dz m ) k . We have dyi — mz" 1 dz±. Since 

m < \G\, we have that oj — fz^ k< " m X \dy\ A dz2 A • • • A dz m ) k , is regular, and since it is invariant it descends. 

Case 2: z e Dz and zi — is the equation of Dz- We can write oj — f(zi . . . , z m ){dzi A • • • A dz m ) k / ' z\. 
Since mdz\jz\ — dy%/yi, the invariance of oj means that / descends to Y, and therefore oj descends. 



Lemma 5. (Compare [CHM], theorem 1.3) 

1. There exists a positive integer n such that (E n \Q)/G (G acting diagonally) is of logarithmic general type. 

2. For a fixed elliptic curve E, there is n so that (E \ 0) n /AutE (AutE acting diagonally) is of logarithmic 
general type. 

Proof: Let S C E\ be any divisor containing the locus of fixed points of elements of G, and let F be a fiber. 
Then the fixed points in E n are contained in SSi , the fibered product of S with itself n times. Recall that we 
have shown that L = W£/pi(0) is big; therefore for some large k, the Q-line bundle L(—(S + 2F)/k) is big. This 
means that for n = k\G\, on E n there are many sections of oj 7 ^ vanishing to order m\G\ on the fixed points in 



E n . As in [CHM |, lemma 2.1, it follows that there are also many invariant sections vanishing to such order. 



The proof of part (2) is identical. 

6. The uniform boundedness conjecture 

It is well known that torsion points of high order on an elliptic curve are integral; we will use this to study 
torsion points in terms of integral points. As quoted in the introduction, a long standing conjecture which 
was recently proved by Merel says that the order of a torsion point on an elliptic curve over a number field is 
bounded in terms of the degree of the field of definition only. We now indicate how Merel's theorem follows 
from the Lang - Vojta conjecture. 



We start with the basic proposition which makes things work (see the case of elliptic curves in [Fl-Oc|): 



Proposition 2. Let P be a torsion point on an abelian variety A, both defined over a field K of degree d. 
Denote by n the order of P. Let g be the dimension of A and let C be the order of the group Sp g (Z/5Z). 
Assume that either n is not a prime power, or p k — n, such that p k — p* -1 > Cd. Then P is stably integral on 
A, that is, its reduction at any place on the Neron model after semistable reduction is not the origin. 

Proof: by adding level 3 structure we have (by a theorem of Raynaud) that there is a field of degree at most 



Cd where A has semistable reductions over all p ^ 3. Theorem IV. 6.1 in SilvEC says that if P is not integral 



then it is not integral at a place p above some prime p where n — p k ; and the valuation satisfies v(p) > p k —p k ~ 
Here by definition, p ~ uir v ( p \ where u is a unit and n a uniformizer of the valuation ring. But v(p) is at most 
the degree of the field. We can similarly deal with primes over 3 by adding level 5 structure instead. □ 

This following corollary is probably well known: torsion on abelian varieties is bounded in terms of the degree 
of the field, the dimension and a prime of potentially good reduction. 

Corollary 2. For any triple (d,g,p) there is an (explicit) integer N such that if K is a number field of degree 
d, A an abelian variety of dimension g over K , and p is a rational prime over which there is a place p of K 
where A has potentially good reduction, then A(K)tors < N. 

Proof: Let I be a field of degree < Cd over which A has good reduction at some prime p over p. Let 
A(L) tors — ► A p be the reduction map. By Weil's theorem, the image has cardinality < (1 + p Cd / 2 ) 2g . But by 
the proposition, any point in the kernel is of order p k satisfying p k — p k ~ 1 < Cd, which can be bounded as 
well. □ 

We would like to apply the correlation method to torsion points of high order on elliptic curves, defined over 
all fields of degree d. By the proposition, we may use the fact that when p is large these points are stably 
integral. 

Since we want to show that there is a bound for torsion over number fields depending only on the degree, we 
might as well assume that E has level 3 structure: this has the effect of increasing the degree d by a factor of 
24. 



In [ Ka-Ma |, Kamienny and Mazur show that it is enough to bound the order of prime torsion points. We 
will show the existence of a bound on prime order torsion points, assuming the Lang - Vojta conjecture. 

Let P be a torsion point of large prime order p on an elliptic curve E which has level 3 structure, defined 
over some number field of degree d. The point P gives a point on the surface E\ introduced in defined over 
the same number field, and is in fact integral on E\ \ 9. The Galois orbit of P gives a Q-rational point on the 
d— th symmetric power of E\. We can do a bit better: fix an integer n. Given n torsion points on an elliptic 
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curve defined over the same number field (e.g. multiples of a given torsion point) we in fact get a rational point 
on Y n = Sym d (E n ). In Y n there is a divisor 0y n which consists of those tuples of points such that at least one 
point is the origin, and the points thus obtained are in fact integral on the scheme Y n \ Qy n ■ 

Given an auxiliary integer k, let F n ^k be the Zariski closure in Y n of the set of all points corresponding to 
Galois orbits of n-tuples of distinct torsion points of prime order larger than k defined over fields of degree 
exactly d. 

By definition, if I > k then F n j is contained in F n k- Let F n be the intersection of F n ^ over all integers k. 
By the noetherian property of algebraic varieties, F n — F n> k for some k. What we want to show is that F n is 
empty. We will assume the contrary and derive a contradiction. 

We have the natural symmetrization map (E n ) d — > Y n . Let G n be the inverse image of F n under this map. 

We denote by nf : (E n ) d — > (Ei) d the map induced from m : E n — > E\. 

The varieties (E n ) d can be viewed as compactified semiabelian schemes over the space P = (P 1 )' 2 . 

Lemma 6. Let G be a component of G n . There exists a closed subscheme BcP, and subvarieties Ai C Ef , < 
i < n + 1 mapping onto B, such that the general fiber of Ai over B is a finite union of abelian subvarieties, and 
G is a component of the fibered product of Ai over B. The varieties Ai are not contained in any diagonal in Ef 
or in the theta divisor, nor in the locus of singular fibers. 

Proof: if P is a torsion point of some prime order p defined over a number field, then any multiple of it 
kP, for k prime to p, is also torsion defined over the same field. Fix an integer 1 < i < n. We look at the 
projection of qi : G — > E d _ x forgetting the i-th factor. It follows that each fiber of G n ov er E d _i i s sta ble und er 



multiplication by k for any integer k. We now use the trick of Neeman and Hindry (see [Nccinan] or | Hindry | ) , 
which tells us that a subvariety of an abelian variety which is stable under multiplication by all integers, is a 
union of abelian subvarieties. 

Let G' C G n -\ be the image of G under For each point P £ E d _ 1 in G' we have that q~ 1 (P) fl F n is a 
union of finitely many abelian subvarieties of Ef. Since a subvariety of a constant abelian scheme is constant 
(say, by looking at torsion points), these abelian subvarieties depend only on the image of P in P. Therefore 
there is a subvariety Ai as in the lemma such that G is a component of (nf )~ 1 Ai n q^ 1 G' . By induction we 
obtain the product structure. 

Since the variety G was obtained from the closure of Galois orbits of points over fields of degree exactly d, 
none of them is fixed by any permutation, and none is in the theta divisor. Similarly, we see that they are not 
contained in the singular fibers of E d . □ 

We will now show that for high enough n, any candidate for a component of F is of logarithmic general 
type. First note that, by noetherian induction, one may assume that the base B of Ai remains constant as n 
grows. We will now see that if one of the Ai appears many times in the product, then the image F of G is of 
logarithmic general type. 

Lemma 7. Let B C P be an irreducible closed subvariety. Let Ai C (Ei) d , 1 < i < m and A m+ i be 
subschemes mapping to B satisfying the conclusions in the previous lemma. There is an integer fco such that 
for any k > ko and any U > the following holds: 
Let G be a component of the scheme 

(Ax% X B ■ • • X B (A m ) l £ x B (A m+1 ) k B . 

Let F be the image of G in Y n , where n = l\ H — • + l n + k. Let F' = F\ Oy n . Then F' is of logarithmic general 
type. 

Proof: Let Mi be the dimension of the fibers of A{ over B. For each choice of a subset Ji of {1, . . . , d} of 
size Mi, we have a variety Ej u b, the pullback of (E\) Mi to B along the projection irj i to the factors in Jj. Since 
Ai is not contained in the theta divisor of Ef, we have that Ai surjects generically finitely onto Ej u b, whenever 
Ji has size Mi. We treat A m+ i a bit differently: using d different generically finite surjections A m+ i — > Ej> ■ b 
where J[ = {i, . . . , (i + M m+ \ mod d)} C {1, . . . , d}, we can cook up a special generically finite surjection: 
write k = qd + r, then we map map (A m+1 )g — * (E Jm+uB ) B x b (E qm ) d \B- 

In order to deal with the singularities, we desingularize the base: B' — > B. Now the pullback of the product 
of Ej^b to B' has semistable fibers, therefore has log canonical singularities as in lemma 2. Choose a canonical 
divisor Kb> ■ Choose an effective divisor H C B such that the pull-back of H to B' is bigger than —Kb>- If G' 
is a desingularization of G, it admits a generically finite surjection 



p:G —>V = {E JuB )% x B • • • x fl (E JmtB ) l ff x B (Ej m+uB ) B x (E gm ) d \ 



b ■ 
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Notice that V is the restriction to B of a variety of the form E ri x • • • x E Td , and if k is large then each of the 
r,i is large as well. We can choose G so that it maps to B' . Let V be the pullback of V to B' . 

We wish to use the sections of powers of the logarithmic relative dualizing sheaf of the product variety V to 
construct differential forms on F. In view of lemmas [|,|] we need the sections to vanish sufficiently along the 
preimage of H, and their pullback to G should vanish along the fixed points A of the symmetric group action 
to sufficiently high order. 

Since the relative dualizing sheaf loe 1 /pi (©) is nef and big, then the sheaf u>Ej b /b(®) is an( A the sheaf 
uj( El y\ B / B (0) is nef and big. We have an injection p* (to™, ^ B ,)(—mH + mO) — ► ujQ,(m&), since V \ has 
log canonical singularities. Since each of the ri in the description of V can be made as large as we wish, the 
argument of lemma || shows that F is of logarithmic general type. □ 

We can now show by induction on M that the relative dimension of G n +i over G n is at least M + 1, thus 
obtaining a contradiction. Clearly the relative dimension is at least 1. If for some n the relative dimension 
is precisely M, then by induction, using the embedding G n +k C (Gn+i)^, the relative dimension of G n +k 
over G n is Mk, and therefore there is a component G of G n +k of relative dimension Mk. From lemma 6 it 
follows that G is a component of a product variety of the form described in lemma 7, and therefore F \ O is 
of logarithmic general type. The Lang - Vojta conjecture implies that the integral points on F are not dense, 
contradicting the definition of F. 

We arrived at a contradiction, therefore F n must be empty, and we conclude that there is a bound for torsion 
points of prime order. □ 
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